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Introduction
We discuss two groups of estimates for functions of self-adjoint operators.

1. Let A= A* in a Hilbert space H{, and let P be an orthogonal
projection. We study

W(A, P; f) = Pf(PAP)P — Pf(A)P

with suitable functions f : R — C.

Aim: to obtain estimates for the (quasi-)norms of W(A, P; f) in various
ideals of compact operators.

In particular, in the Schatten-von Neumann ideals S, with the

(quasi-)norm
1

> P
Al = {Zsk(A)P] 0<peco
k=1

Here sk (A) = M\k(|A|), k = 1,2,..., are singular values (s-values) of the
operator A. Here |A| = (A*A)Y/2. If p > 1(resp. p < 1), then the above
formula defines a norm (resp. quasi-norm).
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Laptev-Safarov 1996: if f € W2> and PA € Sy, then
1
| tr(PF(PAP)P — Pf(A)P)| < EH’CNHL""H(I — P)AP|3.

Our aim is to derive similar bounds with other (quasi-)norms and functions
with singularities. Typical example: f(t) = (t —a)7,v > 0, a fixed.

2. Let A= A* on Hy, B = B* on Hy, and let J : H1 — H> be a bounded
operator. Interested in the bounds for

f(A)J — Jf(B)
in (quasi-)normed ideals of compact operators.
Note that for J = P, B = PAP we have

Pf(A)P — Pf(PAP)P = P(f(A)J — Jf(B))P.
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Quasi-normed ideals

Let S C S be a two-sided ideal of compact operators. The functional
| - |ls is @ symmetric quasi-norm if

1. ||Alls > 0,A #0;

2. [|zAlls = |z[l[Alls:

3. [[A1+ Aalls < ([|Arlls + [[A2lls), 2> 1;

4. [|[XAYlls < IXIHITYITIAlls:

5. For every one-dimensional operator A: ||Alls = ||A]|.

Useful observations:
1. ||Al|s depends only on the s-values sx(A), k =1,2,...!

2. Any quasi-norm has an equivalent g-norm with a suitable g € (0, 1],
i.e.
1AL + Az)|d < (AL + [ A2l¢-

In fact, g is found from the equation s = 2071

For S=S,,p € (0,1): Yu. Rotfeld 1967.
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Survey
1. J=1,S=5S;:

IF(A) = F(B)l1 < Cl|A = Bll1, € = C(f). (1)

V. Peller 1985,90: f € B, implies (7?), and (??) implies f € B},
locally.

Let f5(t) = [t[°¢(t),¢ € CF(R). Then f3 € BL, if 3> 1 and

f3 € B}, for all 5> 0.

The property f € Bll1 is sharp, R. Frank—A. Pushnitski, 2013.

2. D. Potapov—F. Sukochev 2011: If ¥ € Lip(R) and p > 1, then
1£(A) = £(B)llp < C(F)A = Bllp- (2)

where C(f) = Ci||f||up-
3. The case p € (0, 1) was studied by V. Peller 1987 for unitary A, B:
f € BYF implies (??), and (??) implies f € Bpj”.
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4. Let S be a normed ideal with the majorization property, i.e. if A€ S,
B eS., and

isk( Zsk Vn_1,2,...,
k=1

then B €S and ||B|s < ||Alls-
M. Birman-L. Koplienko—M. Solomyak 1975: if A > 0,B > 0, then
for any v € (0,1):

|AT = Bls < [|[|A = B["[|s.

For S = S; reproved by E.H. Lieb—H. Siedentop—J. P. Solovej, 1997.
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5. A. Aleksandrov-V. Peller 2010: if f € A, = Bloss, 7 € (0,1)
(Zygmund class), then

1 1y
[1F(A)J = JE(B)[~|[s < C(A)I[J]| » |AJ — IB]s,

under the condition that the Boyd index (S) is < 1!
For example, 3(S,) = p~ 1.

Define the operator [Aly = ®¢_, A on ©9_ K.
If A€ S then [A]g € S. Denote by 34(S) the quasi-norm of the
transformer T — [T]q4 in S. Then the Boyd index of S is defined to

be 108 34(S
IB(S) - dll~>moo ogl()gd(g)
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Results
Assumptions.
Operators: A= A* on H,, B = B* on Hy, J: Hi — H,. Define the form

V[fag] = (vaAg)_ (JBfag)v fe D(B) C j{lvg € D(A) C j-(:27

and suppose that
[VIf. gll < ClIfllllgll,
so that V defines a bounded operator from H; to Ho.

Functions: f € C"(R\ {0}), and
FO(e)] < Clt) ™ xa(t), k=0,1,...,n,
for some 3 > 0. Here x1 is the indicator of the interval (—1,1). Denote

_ () ()15
7] = max max|FO(e)[e]".
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Theorem
Let S be a g-normed ideal with (n —~)~' < q < 1, where v € (0,1],
~ < . Suppose that V is such that |V|7 € S. Then

1£(A)S = JF(B)lls < CIF [l IV ls.

Assume that S=S,, 8> 1, J = /. Is it possible to use one of Peller's
earlier results to get the bound

IF(A) = F(B)llp < ClIVIIp?

No! Indeed, consider f(t) = |t|’C(t), ¢ € C3°(R), ¢(t) =1, |t| < 1. Then
fFeEB . 0<p<o0,0<g<ooiffv<f+ p~ L. For sufficiently small p,

we have f ¢ Bééf,’,. On the other hand, f € B;/pp.
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Remark. If [g(¥)(t)| < C|t|®*xg(t), then
lg(A)J — Jg(B)lls < CR7 g lall I IV ls.
Apply the Theorem to f(t) = R~Pg(Rt) with A’ = R71A B’ = R71B.

For J = P and B = PAP we have V = (/ — P)AP.

Theorem

lg(A)P — Pg(PAP)|ls < CR"|g|alll(1 — P)AP|"|s.
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Quasi-analytic extension

Let f € C'(R\ {0}) N Cy(R), and let F € C*(R?\ {0}) N Cy(R?) be a
function such that f(x,0) = f(x), and

VI F e, y) € C(R2\ {0)) 1 LA (),

Then f is called a quasi-analytic extension of f.

Proposition (Dyn'kin, Hérmander, Helffer-Sjostrand)

Let A be a self-adjoint operator, and let f be a quasi-analytic extension of

f. Then ) 5
_ = YT v N1
f(A) = - // a}f(&y)(A X — iy)” “dxdy.
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For the function f:

Flx.y) = [Z f(’>(x)(’,y!)'] o(x,y), o(xy) = c(ﬁ),

with ¢ € Cg°(R), ¢(t) =0, [t| > 1; ((t) =1, |t| <1/2. Then

'azf(xay)‘ < Gl falx 7"y [" xa (),

and df is supported in the sector |y| < |x].
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Application

Let A, Q € RY, be domains, and let xa, Yo be their characteristic
functions. We are interested in the operators of the form

Ta(a) = xana(D)xa(D)xan, D =—iV.

a=132¢c CPRY), a>>1.

We may interpret T, as a (multi-dimensional) Wiener-Hopf operator with
a discontinuous symbol.

Straightforward: if a =1, |A|,|Q| < oo, then T, € &; and

1 ad

ITalles = gz [ xonax [ xa(€)de = 55 A1 19,

Natural asymptotic problem:
Asymptotics of tr g(T,), a — oo, with a suitable function g : g(0) = 0.
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Two-term asymptotics

Conjecture (H. Widom, 1982):

trg(Ta) = a®Wo + o toga Wi + o(a?tloga), a — o,

Wo = Wale(a)) = ( 5- ) | [ etatenande

1\ "1
Wy = (277) a2 /ag /8/\ Iny - ng|U(a(&); g)dSxdSe.

L [Te(ta) — tg(a)
U(a,g)—/0 ﬂdt.
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Main result

Theorem (A.S. 2009, 2013)
Let d > 2. Suppose that N\, ) are bounded and
» Both ON\ and 0f2 are Lipschitz.
> A is piece-wise C*, and 9K is piece-wise C3.
Then the Conjecture holds for any g € C*°(R) s.t. g(0) = 0.
Theorem (A.S. 2014)

Let A, Q be as above. Suppose that g € C3(R\ {0}) N C(R) and
gk ()] < C|t|P~Fx1(t), k = 0,1,2 with some 3 > 0. Then the
Conjecture holds.

Use the previous results with P = x,a and A = a(D)xq(D).

A Sobolev (UCL) Functions of self-adjoint operators Luminy 09.06.14

16 /1



Crucial ingredient:

Theorem
Let a > 2. Then for any q € (0,1]:

(I — XaA)a(D)XQ(D)XaA||gq < quzd_l log c.

Take a function ¢ € Cg°(R) such that {(t) =1, |t| < 1, and
¢(t) =0, |t| > 2. Denote (s(t) = ¢(t6~1). Split g: g = g1 + g where
g1 =8C, & =g(1—(5)€C>® Thenforany0< qg< ,qg<1:

181(Ta) — Xangr(a(D)xa(D))xanll1 < €679 log a.

For g» one can use the already known result. Notice that
(Wi(g1)| < C(6° + 6). The required result follows.
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Example: the entanglement entropy
Set a=1, s0 Ty = XanXa(D)Xan-
“Free Fermions at zero temperature”:
Q= {&: E(€) < Er}.

Entanglement entropy (von Neumann entropy) between Fermions inside
a\ and outside al\, v — oo:

Ea =trh(T,), h(t)=—tlogt— (1—t)log(l—t),te]0,1].
We see that

d—1
o “loga d—1
€= Toam)et /89 on ™ Meldxe ¥ ol loga).

D. Gioev—I. Klich, 2006: the formula.
H. Leschke-W. Spitzer-A. S., 2013/14: rigorous proof.

1
The Rényi entropy:  n(t) = 13 |0g(t’8 +(1— t)ﬁ)aﬁ > 0.

A Sobolev (UCL) Functions of self-adjoint operators Luminy 09.06.14

18/ 1



